Abstract. We present an extended discussion of a macroscopic traffic flow model [18] which includes non-local and relaxation terms for vehicular traffic flow on unidirectional roads. The braking and acceleration forces are based on a behavioural model and on free flow dynamics. The latter are modelled by using different fundamental diagrams. Numerical investigations for different situations illustrate the properties of the mathematical model. In particular, the emergence of stop-and-go waves is observed for suitable parameter ranges.
1. Motivation and Introduction. We are concerned with refinements of the non-local traffic models previously introduced in [17] and [18] , and this paper is a continuation of [18] . The studies done there show how non-local macroscopic models can be derived from kinetic models of Vlasov-type. They further contain a number of analytical and numerical investigations concerning the qualitative behaviour of solutions, such as the formation and propagation of traveling wave solutions, the impact of a local speed limit, and the origin of stop-and-go waves. In [22] the functional-differential equation arising for the propagation of a traveling braking wave is discussed as an interesting mathematical object in its own right.
The models are generalizations of the macroscopic model first suggested by AwRascle [1] and Zhang [39] . In the form considered in [18] we observed that maximum principles are satisfied; while this is a pleasant feature from a mathematical point of view, it is rather unrealistic in real traffic. For example, consider a situation where traffic moves at a constant large speed u and a very high density ρ. The constant pair (ρ, u) will formally be a steady solution of the models from [18] , but in reality drivers in such a situation would (because of safety concerns) make an effort to reduce density and speed and would slow down to this end. In versions of the Aw-Rascle model this is usually achieved by the inclusion of a relaxation term based on a fundamental diagram. In the simplest form, this means that in the absence of other stimuli drivers will brake or accelerate towards a comfortable 2 MICHAEL HERTY AND REINHARD ILLNER target speed U e (ρ), and the corresponding force term, to be used on the right hand side of the momentum transfer equation, is 1 T 0 (U e (ρ) − u).
Here T 0 is a characteristic relaxation time. The target speed U e (ρ) is also called equilibrium velocity-density relation. The associated equilibrium flux-density relation ρU e (ρ) =: q(ρ) is called fundamental diagram. Models of Aw-Rascle-Zhang type with these right hand sides have been studied extensively and with different versions of fundamental diagrams ρU e (ρ). We refer to [2, 11, 27] for such research. Kimathi et al. [27] considered in particular the situation of three-phase traffic which emerges when fundamental diagrams are multi-valued, as suggested by B. Kerner [26] . Nonconcave fundamental diagrams for the AwRascle-Zhang model have been studied e.g. by T. Li [30] .
In this current work we consider the coupling of a variety of fundamental diagrams (including a multi-valued FD) with the non-local models introduced in [17, 18] . The full model will be introduced in Section 2. One of the features it displays is evaluation of the density and speed variables over stretches of the road which cover (in practice) 20 to 100 meters; if this is to be taken seriously, one has to include a discussion of the meaning to ρ and u. Such a discussion is often missing in papers on traffic, leading to confusion even among experts.
In continuum physics macroscopic variables emerge in what is usually referred to as the mean field limit; density, for example, is defined as the average number of particles (here cars) over a length ∆x, such that the real number of particles in [x, x + ∆x] is ρ(x)∆x. For this interpretation is is certainly necessary that many particles fit in the reference interval; for cars, this means that ∆x should have to be of the order of magnitude of at least hundreds of meters. The downside of such an interpretation would be that a macroscopic model would in principle be unable to resolve features which happen on shorter scales, or that emerging features on shorter scales have no meaning in the real world.
Fortunately, there is a second interpretation of the dependent variable ρ, u which does not face this problem. Simply define ρ to be the inverse to the distance to the lead car, or, a little more general, an inverse of the average of the distances to the leading cars within a visible window (and similarly for u). As was demonstrated convincingly in [2] , this allows a reinterpretation of microscopic models in terms of macroscopic variables, and permits the use of the numerical tools available for nonlinear hyperbolic systems of equations. It is this interpretation which we will adopt for our purposes.
We conclude this introduction by a (very) brief review of other approaches to traffic modeling. Indeed, our models belong to only one class of possible models and ignore aspects of traffic such as variations in vehicle size and mass, driver behaviour, random fluctuations, etc. While it is possible to include such effects, our first priority here is simplicity in order to identify basic structures and explain arising phenomena.
Our model is a macroscopic model derived from a Fokker-Planck ansatz, see [24, 17, 19, 23] . Macroscopic models have been studied intensively in recent years and an incomplete list of references includes [1, 5, 6, 9, 10, 11, 12, 14, 20, 21, 28, 31, 33, 39] . Second order macroscopic models use equations similar to fluid dynamics models to describe the evolution of traffic density and velocity profiles. In contrast, microscopic models keep track of individual drivers and their interactions in order to explain traffic phenomena. Some references on microscopic models are [7, 8, 15, 16, 26, 38, 34, 35] . Microscopic models can take the form of systems of ordinary differential-delay equations, or of discretized versions such as cellular automata. These models have been extended to include stoachstic effects, see e.g., [32] , [36, 37] . Finally, there is a class of kinetic models of Enskog-type which relates to microscopic and macroscopic models, see e.g. [25] .
Modelling.
2.1. Parameters and Notation. Throughout this paper x, t will denote position (on the road) and time. ρ = ρ(x, t), u = u(x, t) denote the macroscopic density and the macroscopic (average) speed of cars on a highway (freeway) lane. Lane changing is included in the sense that certain types of fundamental diagrams (to be introduced later) emerge only when lane changes are possible and occur.
The non-local model includes three parameters which exist in real traffic: A minimum safety distance H > 0 of the order of magnitude of 8 meters (measured from the front of a car to the front of the lead car; this applies in moving traffic and is larger than the minimum distance in standing traffic, which is the inverse of the maximal density), a characteristic reaction time T > 0, which multiplies the driver's speed such that [x, x + H + T u] is the window from which a driver at x and moving with speed u draws (visual) information, and finally a reaction time τ > 0. T should be thought of as being about 2 seconds, τ ≤ 1 second. At a typical speed of 15 meters per second, the window would then be 38 meters long.
With u, ρ taken at (x, t) we introduce the abbreviations
(the smallest speed observed in the visible window)
and
2.2. The Fundamental Diagram. Braking and Acceleration Forces. Drivers are assumed to have a target speed in mind associated with a certain density, and if no other inputs are active, they will brake or accelerate towards this target speed. We assert that this behaviour produces a force F given by relaxation towards the equilibrium velocity-density relation U e (ρ). In the simplest case
As indicated earlier, U e may be a multi-valued function. This is best expressed as an additional dependence U e (ρ, u). We will provide and use an example below; the structure of a multi-valued U e is best understood from a graphical representation (see Figure 1) .
We emphasize that the force F is active only if no other (overriding) forces apply. Such forces are active if the driver is in a "compelling" braking or acceleration situation. The word "compelling" here means that the driver realizes the need to brake or accelerate; to this end we introduce one more parameter ≥ 0, a (low) threshold for reaction. The force term which is active on the right hand side of the speed (or momentum transfer) equation is then defined for all possible cases, as follows (we distinguish cases A to D):
This means that braking dominates, and the braking force is the stronger of the two given by the speed relative to u X and the one given by the equilibrium velocity. The factor multiplying u X − u is sometimes called "speed adaptation coefficient" (see [27] and the references therein). It has been introduced in [3] for the Aw-Rascle model to avoid inconsistencies concerning the maximal density. The precise form is not important but it needs to be guaranteed that the factor diverges to ∞ as ρ + approaches the possible maximum.
B.
If u − u X ≤ and F < 0 let B = F.
This means that braking still dominates if the equilibrium velocity calls for braking, even if the relative speed is close to 0 or negative.
apply an acceleration force A be defined by
This is an acceleration scenario, and we accelerate by either the force suggested by the speed relative to u Y , or by the equilibrium velocity. Notice that the speed adaptation coefficient is now taken as a decreasing function of ρ − -higher densities should imply reduced acceleration. D. And finally, if none of the above apply, the force is simply
-the equilibrium velocity-density relation is the only remaining input.
In the following numerical simulations we allow different U e (ρ) and depicte in Figure 1 some choices explained in detail below. I The Greenshields model [13] , which we include here for completeness, with the two parameters maximal velocity v max and maximal density ρ max , is given by
We conducted but do for conciseness not include numerical experiments. II A more realistic nonlinear equilibrium velocity is
The shape of this function is similar to the examples considered in [25, 27] . It is a better match to traffic data due to the small transition zone between free flow ρ < ρmax 3
and congested traffic. 
Here, we choose U e (ρ) given by (11) . The other parameters are as follows
. Similar diagrams were discussed in [27] , where is was shown how these mutli-valued diagrams help to explain stop-and-go waves. It has been argued [27, 25] that the existence of multi-valued functions is due to the possibility of cars changing lanes. In [24] a kinetic multi-lane model for vehicular flow has been proposed. By moment approximations single lane models with multi-valued functions U e (ρ) could be obtained due to the lane changing terms. These definitions define forces for all possible scenarios as a functional of the (delayed, non-local) traffic state. If we write R for the functional defined by cases A to D , our traffic model is in short
To summarize we have for fixed parameters and τ the functional
given by either (6), (7), (8) or (9) depending on the size of the relative velocity u − u X and u − u Y and the sign of F . Further, F = F (ρ, u) is given by either equation (11) or (12) .
Notice that the B which arises in braking scenarios is by construction always nonpositive. The definition of the force term R is asymmetric in preference of braking, a reasonable construction in view of safety considerations.
3. Numerical simulations. The system of balance laws (13) (14) is solved numerically by a first-order finite volume method on a uniform grid with N x grid points in space. Prior to discretization, the momentum equation is rewritten in the conservative variable (ρu). We then apply a first-order time-splitting procedure and obtain a system of conservation laws and the ordinary differential equation
The transport part are then the well-known equations of pressure-less gas dynamics. A Godunov scheme in the conservative variables (ρ, ρu) for these equations can be found in [29] . We use precisely this scheme for discretization of the transport part. Time and spatial discretization are chosen such that the CFL condition is satisfied. Alternative discretizations can be found in [4] or the references therein. The source term R depends on local and nonlocal terms and we may write
Depending on the actions of braking, acceleration and equilibrium flow the dependence on the u variable is either u X − u, u Y − u or U eq (ρ) − u. In space we discretize all arguments of R at at the center of each cell with piecewise constant reconstruction of ρ and u. To compute u X we simply use the nearest neighbours and linear interpolation. In the splitting the ordinary differential equation is solved by a mixture of an implicit and explicit Euler method. To be more precise, the discretization at time t n and location x i and for u n,i = u(t n , x i ) is
Here, the index i j for j = 1, . . . , 4 is computed according to equations (1)-(4). The discretization is only implicit in the variable u. Higher-order spatial and temporal discretizations could also be used in order to solve the equations numerically. However, since the problem is one-dimensional in space the computational time even on very fine grids is within minutes. If not stated otherwise we set up a "circular" road (using periodic boundary conditions) and use parameter values as given in table 1. Initial data are prescribed as discussed below. All computations have been performed on a 2.4 GHz Intel Core 2 Duo.
3.1. Parameters. The source term R in the equation (14) contains a number of parameters. The safety distance is about twice the length of a car, giving rise to a maximal density of ρ max = 0.2. This means that 5 meters is the average length of a car. The anticipation time of the drivers is two seconds, which, at maximal speed, yields an additional look-ahead distance of 60 m. The maximal velocity is set at 108 km/h -a model for highway traffic in the USA and Canada. For the reaction time of the drivers we choose τ = 0.5sec. We also present results with zero reaction time. The weights c 1 , c 2 , c 3 for braking, acceleration and free flow traffic are a priori unknown. We assume that the drivers have a tendency to brake harder than to accelerate, or to react to free flow traffic. We simulate traffic for 20 second periods on a strip of the highway of length 4 km. The mesh consists of 20,000 points which means one grid point per 20 cm. All parameters are summarized in Table 1 .
In contrast to the simulations in [18] there is no additional trigger involved in the simulations. We next study the effect of a lane reduction on the evolution of the downstream traffic flow. This is modelled by increasing the initially constant density of ρ 0 = 0.2ρ max to 0.3ρ max on a strip of length 40% of the road starting at x = 2000m. The initial transition from the lower to higher density is smooth. The smooth connection on a length of 10m is obtained by suitable adjusted atan function. The initial velocity is always the equilibrium velocity corresponding to the lower density. Hence, in this setup the cars within the lane reduction area are moving uncomfortably fast (as defined by the function U e (ρ)) and start braking. Due to the length of the lane reduction the effects of acceleration at the exit point of the lane reduction area and the braking in the beginning do not interact. In Figure 2 we present density and velocity at time T max using different fundamental diagrams in the simulation and zero reaction time. In Figure 3 and Figure 4 the same result using a reaction time of τ = 1 2 are presented. A contour plot of the full solution over space and time for choice (12) and a reaction time τ = 1 2 is given in Figure 5 .
We observe finite oscillations in the density. Those are expected and they do not reach or exceed the maximal density in the simulation. They arise from changes in the velocity profile. Due to the pressureless gas dynamics model such oscillations lead to oscillations in the density. The frequency of this oscillations is related to the non-local effect in the equation. In particular, in Figure 4 the occurrence of stop-and-go waves with wavelength of about 50 m are observed.
We conducted but do not present the same experiments with reaction time τ = 1. In this case the density exceeded ρ max , at which point the model loses its meaning (the interpretation would be that an accident has happened). (11) and (12), respectively. Initial data is depicted in green. Reaction time is τ = 3.3. The effect of a speed limit. As in [18] we finally consider a speed limit. In order to treat the effect of the speed limit on the dynamics we proceed as in [18, 4.2.2] . We assume the speed limit is active in an interval I of length L res = 200m centered at x = 2000m. The velocity within the speed limit is u lim = 15m/s. In the area of the speed limit the braking term is modified as follows:
No further changes are applied to the model. We start with initial constant densities in the range of 10% − 40% of the maximal density and constant velocity of U e (ρ). As always, we study the arising wave patterns. The solution is presented in Figure 6 and Figure 7 for the case of a reaction time of τ = 1 2 and equilibrium velocities (11) and (12), respectively. The area of the speed limit is depicted by red dots. Due to the different shapes of U e (ρ) different densities give rise to different initial velocities. Therefore, the braking patterns are more pronounced in Figure  7 . As in previous situations we observe a step-like behaviour in the speed profile and high oscillations in the density evolution. For the intermediate density and equation (12) we observe a density equal to ρ max which is the maximal density. As mentioned earlier, this means that a road accident has occurred and the model is not valid any more. In Figure 6 this case occured at time T * = 1.08 and T * = 1.77 for the medium and large density, respectively. In Figure 7 this happened at time T * = 2.75 and T * = 1.77 for medium and large density, respectively. In the case of zero reaction time or low initial density there is no accident observed in the simulation. The results for zero reaction time are given in Figure 8 and Figure 9 , respectively. velocity. By two numerical experiments (lane reduction and implementation of a local speed limit) we indicate the following features, consistent with expectations.
• Non-locality has a significant effect, generating all by itself traffic waves of realistic wave lengths.
• These effects are amplified if traffic densities are in a range where the fundamental diagram has steep slope, or worse, is multi-valued.
• Larger individual reaction times have a destabilizing effect, to the point where there are collisions. 
